Abstract: the paper presents the application of the so-called Takagi-Sugeno fuzzy models to the modeling and control of heart rate during cycling exercise. A specific discrete TS model based on a modified Hammerstein model is proposed. The classical results based non quadratic Lyapunov functions are therefore revisited to derive some specific and less complex results. Output feedback via a TS observer and Input-to-State stability are also considered. At last, simulation and real-time experiments show the effectiveness of the proposed approaches.
INTRODUCTION
The aim of the project is to automate and optimize physical activity (training or re-education) programs for elderly non trained people rather than young athlete. The goal is to improve their quality of life and to reduce their sufferings doing everyday's activities. It resumes finding a good compromise between the difficulty of exercise, its benefit and the subject's motivation. An exercise too easy is obviously not useful, whereas a too difficult one can induce a lack of motivation and moreover, can become dangerous. The training objectives are twofold: find a good exercise intensity that would keep the subject motivated, and adapt the intensity in order for him to progress. In this work as in the majority of related works, the exercise is regulated depending only on the heart rate. This regulation around a prescribed value is the key factor in exercise optimization McArdle et al. [1996] .
The complete study is divided into several phases: modeling, identification including signals definition, control design and experiments in order to validate the procedure. This paper focuses on the two last parts. Therefore the paper is organized as follows. The first section is devoted to a short overview of heart rate control. The system is also presented as well as the identification procedure and the discrete models taken into account. The second part takes profit of the model obtained to derive a control law based on Takagi-Sugeno fuzzy models Takagi and Sugeno [1985] . The advantage of using a discrete model representation is the capability of dealing with This project is in part financed by ANRT: Association Nationale de la Recherche et de la Technologie,France and OSEO -Soutient l'innovation et la croissance des PME, France non quadratic Lyapunov functions Guerra and Vermeiren [2004] . Therefore some results are recalled. In order to derive a real time control, an integral part is added and stability according to exogenous inputs is discussed. At last output feedback via an observer and stability of the complete loop conclude this part. Simulation results as well as real-time experiments show the interest of the approach.
POSITION OF THE PROBLEM

Experimental Setting
The device was designed and fabricated in cooperation between SRDEP and LAMIH, figure 1. It is a home trainer with a brushless dc motor braking element controlled in torque mode thanks to a BLDC servo driver. The control signal to the driver is an analog voltage representing required current (consequently, torque). The rear wheel the bike chain and a belt to the motor axis from the other side. The mechanical power is equal to: P u = T u × ω u with P u user power in Watts, T u user pedaling torque with respect to crank axis in N.m and ω u cycling angular velocity rad.s −1 . In order to pedal at a certain velocity the user must deliver a torque equal to the sum of motor braking torque and the friction torque. So knowing the user's pedaling speed and the friction of the mechanical system one can control the pedaling torque and consequently the pedaling power. Device calibration has been done using an SRM Cycling power meter.
The electrocardiogram (ECG) analog signal is taken out of a PhysioTrace heart rate monitor (a product of CIC-IT 1 ) and sampled in a DS1104 dSpace Card. This digital signal is filtered and the heart rate is calculated using a proprietary algorithm of CIC-IT programmed in Simulink. The quality of the signal depends on an adequate placement of the electrodes and their adherence to the skin during exercise. This signal processing is not under the scope of the paper.
Heart Rate Modeling
Different models have been proposed for heart rate (output)/exercise intensity (input) system. Exercise intensity could be walking or running speed in treadmill exercise and cycling power in bike exercise. Cheng et al. [2007] has proposed a two degree nonlinear state space model for a treadmill walking exercise. It tries to give a physiological interpretation to the chosen model structure. But the used excitation input (treadmill speed) is very simple in form (a step) to prove validity of model in capturing system dynamics. Linear models has been proposed also Hajek et al. [1980] and Aerts et al. [2004] but, as expected, they are only valid around a given working point. Le et al. [2008] derive a prediction model consisting of the sum of a linear part and a non linear part modeling the drift due to excessive exercise. The model performance and structure is not good for control.
The Hammerstein model used in Su et al. [2007] , (Fig 2) , seems to be an interesting one, at least for control objective purpose. For Su et al. [2007] , the goal was to find a unique model in a "homogeneous" population, and different input/output data tests of all subjects are mixed and used together into a parameter optimization algorithm. On the contrary, our goal is to derive a specific model for each subject. Though interesting the approach of Su et al. [2007] , it cannot be applied directly to our problem, the subjects' physiological capabilities being highly heterogeneous. In particular, their ventilatory thresholds are very different. Finally, some difficulty also arises from the fact that a lot of data points are needed in order to identify the static nonlinearity precisely. This may be difficult to experiment for heart rate of elderly people for two reasons: experiments would be too long, the large disparity occurring in heart rate signal (due to unexpected movements, breathing ) can 1 CIC-IT : Centres d'Investigation Clinique -Innovation Technologique CHRU de Lille 2 avenue Oscar Lambret ,59037 Lille make difficult the identification of the nonlinear static gain using multiple level input steps as in Su et al. [2007] .
Fig. 2. Hammerstein model structure
The Hammerstein model practical aspect is that the static nonlinearity and the linear dynamic part are separated. Moreover, it is possible to decouple the identification of both parts Bai [2004] .
Coming back to our problem, the static nonlinear part corresponds to a steady-state point according to a specific effort (nonlinear static gain), whereas the linear part corresponds to the dynamic of the heart rate. An example of measurements (points) is shown in (Fig. 3) . Fig. 3 . an example of the nonlinear static gain f (u) part of the heart rate/power model
The hypothesis made for the work is that can be approximated with a polynomial, (Fig.3) . Therefore, we can propose a modified model based on the Hammerstein's one.
Modified Hammerstein Model
For some input range, the nonlinear part is approximated with a polynomial function:
therefore the output of the Hammerstein model is:
Where the linear part of the model writes:
Merging nonlinear and linear parts by rewriting (2) gives:
where
Finding the unknown parameters a i , γ ij from input/ output time data is a linear problem that can be solved using linear regression Ljung and Glad [1994] . Next figures present a result of identification. Figure (4) presents the cycling power and figure (5) the measured and the simulated hear rates. The excitation signal (the cycling power) consists of four periods: a resting period of three minutes without any exercise; a warming-up period of three minutes at 40% of power at ventilatory threshold (P V T ); PRBS (Pseudo Random Binary Sequence) period of 20 minutes between two levels 75% of and 110% of P V T . Finally a recovery period of three minutes at 30% of P V T . 
For simplicity and without lack of generality, we consider a delay d = 1 and n B ≤ n A − 1 ,then:
In case of multiple delays, just increase the state vector size accordingly. Of course, the model obtained is specific to each subject and the control should be derived according to this specificity. A Takagi-Sugeno (TS) model Takagi and Sugeno [1985] can be easily derived through the sector nonlinearity approach Tanaka and Wang [2001] . The only nonlinearity is u 2 so the TS model can be constructed with only two linear models: Fig. 6 . an example of the nonlinear static gain f (u) part of the heart rate/power model
with z(t) = u(t),
in our example u min = 20W , u max = 150W and Notice that we have a particular class of nonlinear models that can be written into a fuzzy TS model Takagi and Sugeno [1985] form as:
with r the number of linear models,x(t) ∈ R n the state vector, u(t) ∈ R m the control, y(t) ∈ R p the output vector, and z(t) a premise vector depending linearly or not on x(t) . Thus the next section will focus on these particular models.
Notations
The following notations will be adopted for simplicity: 
As usual a star ( * ) in a symmetric matrix denotes the transposed element in the symmetric position.
GENERIC MODEL CONTROL
Though the results of Guerra and Vermeiren [2004] or Ding et al. [2006] can be applied directly, it is more interesting to derive some simplified results due to the specific structure of (7).
Moreover, the necessity of regulation around an equilibrium point (not zero) will necessitate an integrator part for the control and the ISS property to show the resulting control is stable according to the inputs. Therefore this part is divided in 3 paragraphs.
State Feedback Stabilization
Previous works have shown the superiority of non quadratic Lyapunov functions compared to quadratic ones, (see Johansson et al. [1999] ) with piecewise Lyapunov functions, Daafouz and Bernussou [2001] for LPV models and Guerra and Vermeiren [2004] , Ding et al. [2006] , Kruszewski et al. [2008] , Guerra et al. [2009] for quasi-LPV or TS models. We will follow this last way of doing applied to the specific model 7. Consider the following Lyapunov function:
. Several control laws can come at hand, a "nice" one being:
Nevertheless, for the particular application a simplified version was enough to cope with the desired performances, i.e.:
u(t) = −F.P −1 z x(t) (10) Remark 1. the extension of the results from (10) to (9) is straightforward. The main interest of (10) is that the conditions will not imply double sums, therefore no relaxation procedure has to be used and the number of Linear Matrix Inequality Boyd et al. [1994] constraints is reduced. This remark follows the work of Delmotte et al. [2007] , helping in reducing the complexity of the LMI constraints.
The closed loop writes:
Corollary 1. consider TS model (7) and control law (10), if there exists matrices P i > 0, i ∈ {1, . . . , r} , and F such that the r 2 LMI conditions
are satisfied then the closed loop model (11) is globally asymptotically stable.
Proof. It follows directly from Guerra and Vermeiren [2004] and is briefly recalled here. 8 is proved to be a candidate Lyapunov function, therefore its variation writes:
13) Therefore, using the property of congruence with , (13) is verified if:
z+ (AP z − B z F ) − P z < 0 and using Schur's complement gives directly:
Remark 2. notice also that following the work of Guerra and Vermeiren [2004] a refinement can be directly derived. Effectively, using
16) will give directly a similar result as corollary 1 replacing (12) with:
Remark 3. some more refinements can be done, for example with the help of Finsler's lemma and introducing more complex Lyapunov functions Guerra et al. [2009] . Nevertheless, according to the results obtained, the presented approach was sufficient.
Input-to-State Stability (ISS)
Proposition 1. (Sontag [1995] ) consider a nonlinear model
, a Lyapunov function candidate (V : R n → R + ,V (0) = 0 and V (x) > 0 for x = 0 ) if there exist two functions K ∞ , α(.) and θ(.) such that: ∆V (x) ≤ θ ( u )−α ( x ) for all x ∈ R n and u ∈ R m then the model has the Input-to-State Stability.
In our case consider the control law as:
Suppose it exists a Lyapunov function V (x) > 0 showing the model without the exogenous input is GAS, i.e. for y c = 0 :
Thus for y c = 0 it is easy to show that
z+ B z Hy c due to the bounded properties of TS model matrices, it exists δ > 0 and ρ > 0 such that:
∆V (x) ≤ −λ x 2 + 2δ y c x + ρ y c 2 (20) Or equivalently:
And finally:
Thus yielding the ISS property. The introduction of the integral part is slightly different from the classical way Lendek et al. [2010] ; see the scheme ( Fig. 7) Introducing the extended vectorx = x x I together with
zx (t) and using the control law:
gives directly the following augmented model:
Or written compactly as:
results, i.e. corollary (1) and ISS stability hold for the augmented model. Finally the global scheme is depicted in (Fig 8) introducing a TS observer. Due to space reasons, this last one is not presented therein. Notice that the separation principle Yoneyama et al. [2000] holds in this case and does not imply any change in the stability analysis previously done.
Fig. 8. global control scheme
Summarizing, model (7) with control law (22) and using a TS observer is GAS according to initial conditions, has the ISS property and ensures null error for steady state exogenous input.
RESULTS
The setting of the different parameters is confidential. Some extra conditions for performances of the control law have been added. Next part gives some results in simulation and in real time experiments.
Simulation
In order to show the efficiency of the proposed approach, (Fig. 9 ) & (Fig. 10) give some simulation result. The model under consideration is presented section 2.3 (6). LMI conditions based on corollary (1) and some extra additional properties are used and figure 8 global control scheme is applied. Figures show the ability of the control to deal with the static gain variations keeping nice performances. Fig. 9 . simulation example of heart rate control Fig. 10 . control input (cycling power) for simulation example
Real-time experiments
In order to also demonstrate the capability of the global control, the subject for whom the TS model is derived has experienced the heart rate control.
The results are presented in (Fig. 11 ) & (Fig. 12) . Figure  ( 11) presents the heart rate variations according to the desired target and figure 12 the cycling power.
We must also notice that artifacts in the heart rate measurement are very common -due to the sensor position, movements of the subject -and can affect the measure and of course the control. The effects of such artifacts are obviously important on the control input, for example, at time 180s, (Fig. 11) . In order to show the effectiveness of the model used and of the control law synthesis, (Fig. 13 ) and (Fig. 14) are plotted. In (Fig. 13 ) the same real-time control, (Fig. 12) is used for both real-time and simulation experiments. In (Fig. 14) , we use the same reference signal for both real time and simulation.
These two figures exhibit a close behavior between realtime control and simulation. Some differences can be noticed especially on short time period, for example, see (Fig. 14) around 400s. These differences can be seen 
CONCLUSION
In this article, a new model structure of heart rate/cycling power system has been proposed. Its specific formulation as a modified Hammerstein model allows using a simplified TS structure. Some specific results have been derived according to this TS structure, including ISS and output feedback. Simulation and real time experiments show the effectiveness of this approach. Some extra considerations should now be taken into account to ensure robustness against artifacts.
